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Abstract
We present the concept of a feedback-based topological acoustic metamaterial as a tool for realizing autonomous and active guiding
of sound beams along arbitrary curved paths in free two-dimensional space. The metamaterial building blocks are acoustic transducers,
embedded in a slab waveguide. The transducers generate a desired dispersion profile in closed-loop by processing real-time pressure field
measurements through preprogrammed controllers. In particular, the metamaterial can be programmed to exhibit analogies of quantum
topological wave phenomena, which enables unconventional and exceptionally robust sound beam guiding. As an example, we realize the
quantum valley Hall effect by creating, in closed-loop, an alternating acoustic impedance pattern across the waveguide, traversed by artificial
trajectories of different shapes, which are reconfigurable in real-time. Due to topological protection, the sound waves between the plates
remain localized on the trajectories, and do not back-scatter by the sharp corners or imperfections in the design. The feedback-based design
can be used to realize arbitrary physical interactions in the metamaterial, including non-local, nonlinear, time-dependent, or non-reciprocal
couplings, paving the way to new unconventional acoustic wave guiding on the same reprogrammable platform.
1 Introduction
Controlling wave propagation in acoustic systems is an essential requirement in advanced engineering applications, such as
acoustic imaging, acoustic signature cloaking, noise cancellation, vibration suppression, and more. The idea to control sound
waves by artificially designing the medium in which they propagate received a considerable interest over the years, and has
recently manifested itself through the emergent concept of metamaterials.
Metamaterials are artificially designed structures, usually of periodic nature, composed of sub-components denoted by unit
cells. For sufficiently large wavelengths, much larger than the lattice features, metamaterials effectively act as a continuous
material, whose properties are determined by the collective dynamic behavior of their unit cells. As such, metamaterials can
exhibit properties that are unavailable in natural materials. This capability has drawn immense attention of the scientific and
engineering communities. The use of metamaterials in the control of wave propagation began with photonic [1] crystals, demon-
strating negative refraction [2,3,4,5,6], superlensing [7], electro-magnetic cloaking [8,9,10,11], left-handed transmission-line
waveguides [12,13], and more [14,15]. At a later stage the metamaterial concept was extended to acoustic and elastic systems,
resulting in artificial structures with unusual effective acoustic properties that are capable to control the propagation of sound
in new ways [16,17,18,19,20]. Notable applications are acoustic cloaking [21,22,23], metamaterials with a negative acoustic
refractive index that can bend, focus and shape sound fields in unconventional fashions [24,25,26,27,28], acoustic leaky wave
antennas [29], Dirac-cone-like dispersion [30], subwavelength imaging [31,32], and many more, as summarized in [33]. Simi-
larly, elastic metamaterials are used to control vibrations and waves in solid materials [34,35,36,37,38,39,40].
A special class of systems that has emerged in the last few years is topological metamaterials, which draws inspiration from
the condensed matter branch of quantum physics [41,42,43,44,45]. In quantum systems, the topological properties of the elec-
tronic band-structure of solids can be exploited to achieve unique and exciting functionalities. One such functionality, known as
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topological wave phenomena, is electrical insulation in the solid interior, while conduction of current is supported only along
edges, interfaces or boundaries. Remarkably, these edge waves are immune to backscattering in the presence of a broad class of
imperfections and impurities, including localized defects and sharp corners. The role of topology manifests itself in the ability
to predict the boundary properties of finite sized materials only by knowing the bulk properties of infinite sized materials [46].
The robustness of the boundary wave properties, captured by topological protection, and the exceptional immunity of the waves
to back-scattering has recently inspired the search for analogies in classical systems, substituting the electronic band-structure
with acoustic or photonic dispersion relations. Generating topological waves in acoustics or elasticity is particularly advanta-
geous, due to the ability to shape these waves beam-like narrow, which is obviously uncommon for sound or vibration.
As a result, metamaterials supporting topologically protected wave propagation have been realized in diverse fields, including
photonics [47,48,49,50], optomechanics [51,52], acoustics [53,54,55,56], elasticity [57,58,59,60], and more. While there are
several classes of quantum topological effects, each having a different underlying physical mechanism [61], the common re-
quirement in their realization is breaking a certain form of symmetry of the system. One class employs breaking time reversal
symmetry and results in uni-directional edge waves [42,62,63,64,65]. Another class is achieved by breaking spatial symmetry
in a periodic lattice (while preserving time reversal symmetry), which supports bi-directional edge waves [43,44]. The Quan-
tum Valley Hall Effect (QVHE) [66], which is at the center of our work, belongs to this class, and can be realized in a structure
as simple as a bipartite lattice with a single degree of freedom per site. Attaching two such lattices with flipped partitions will
support an exceptionally robust wave propagation along the interface. Examples of mechanical and acoustic topological meta-
materials that invoke spatial symmetry breaking, include altering the spacing between scatterers [55] or bottle-like Helmholtz
resonators [56] in acoustic waveguides, shifting elastic resonators on plates [60], modifying spring constants in mass-spring
lattices [67], or designing arrays of pendula with intricate couplings [68]. Particularly, the QVHE was demonstrated in a vibrat-
ing plate with elastic resonators of two different masses [59], in an acoustic lattice with scatterers of two different refractive
indices [69], or in a flexible membrane sprayed by rigid particles of two different radii [70].
To date, most of the metamaterial design is based on fixed elements, where the unit cells have given shape and dimensions.
Such designs result in fixed dynamic properties, including effective constitutive parameters, interactions between sites, dis-
persion relation, etc., which are also limited to a particular operating frequency. For a topological metamaterial, such a de-
sign would result, for example, in a single quantum effect being mimicked, with a single waveguiding trajectory at a fixed
frequency range. These limitations inspired recent attempts to construct topological metamaterials with tunable properties
[71,72,73,74,75,76,77,78,79,80,81], where active elements were incorporated in artificial mass-spring lattices, elastic sheets
and electric circuits.
In this work we present the feedback-based design method, which converts a bare structure into an autonomous topological
acoustic waveguide. The topological properties are created exclusively by real-time feedback operation of embedded acoustic
transducers, and can be tuned and reconfigured by changing a control program alone, without any structural modifications. As
a result, back-scattering-immune sound beams can be guided along artificial trajectories of any desired shape, and in different
frequency ranges, on the same physical platform.
Here we employ the embedded control mechanism to generate the acoustic analogy of the QVHE. In Sec. 2 we describe in
detail the acoustic platform on which we propose to realize the feedback-based design concept. We then discuss the conditions
for a classical analogy of the QVHE to be met on this platform. In Sec. 3 we present the target closed-loop metamaterial, and
analyze its dispersion properties and the corresponding topological characteristics. In Sec. 3.3 we demonstrate, using dynami-
cal simulations, the guiding of robust and back-scattering-immune acoustic beams in real-time along reprogrammable curved
trajectories. In Sec. 4.1 we derive the mathematical model of the target system, and in Sec. 4.2 the control algorithm that
generates this system. The work is discussed and summarized in Sec. 5.
2 Feedback-based acoustic metamaterial setup
In Sec. 2.1 we introduce the concept of a feedback-based topological metamaterial, and its potential realization on an acoustic
platform. In Sec. 2.2 we present the target system, which supports sound propagation according to the acoustic analogy of the
QVHE, and describe in detail how it is obtained by our feedback-based design.
2.1 Feedback-based design mechanism
The general principle of a feedback-based metamaterial design is that the couplings between the metamaterial sites, and its
consequent dynamical properties, are determined by a reprogrammable electronic feedback controller. The underlying mecha-
nism includes application of external inputs to a host structure. The inputs depend on measured responses in selected locations,
which are processed and fed back in real-time according to targeted closed-loop schemes. The control actuators, which are
transducers embedded in a base waveguide, constitute the metamaterial unit cells. The particular transducers depend on the
implementation platform. In this work we focus on an acoustic platform.
We consider a model for an acoustic waveguide, consisting of two rigid parallel plates separated by a small air gap, as illus-
trated in Fig. 1(a). The waveguide supports a continuous two-dimensional sound wave propagation between the plates. The
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(d) (e) (f)
Fig. 1. Feedback-based topological acoustic metamaterial setup. (a) The physical platform. (b) The mounting pattern of the all-identical
acoustic actuators (gold circles). (c) A bipartite pattern of target acoustic impedances created by closed-loop control, imitating acoustic
resonators with respective impedances ZA (black circle) and ZB (open gold circle). (d) The feedback control scheme at a single site. (e)
Schematic of the target acoustic (Helmholtz) resonator. (f) Mechanical and electrical analogies of the acoustic resonator in (e).
upper plate is hollowed in a periodic pattern, embedding an array of identical acoustic actuators (loudspeakers), facing the air
gap through the holes. The pattern defines an artificial discrete lattice on top of the continuous acoustic field, with the actuators
constituting the lattice sites. The choice of the holes spacing determines the lattice constant, and sets a limit for the actuators
external diameter. The space between the plates along the metamaterial edges can be either sealed or left open, depending on
the desired boundary conditions. The actuators are used as acoustic velocity source generators, the role of which is creating
a desired acoustic pressure field between the plates. The pressure field is measured by acoustic sensors (microphones) that
are embedded in the waveguide along the same pattern as the actuators. The sensors can be either attached to the actuators
themselves or mounted in mirror positions on the opposite plate, facing inwards, and assumed small enough to not significantly
disturb the measured field. The measured signals are processed by synchronized micro-processors (not shown) according to a
pre-programmed algorithm, and fed back to the actuators.
This real-time closed-loop operation constitutes the underlying mechanism of our feedback-based acoustic metamaterial. The
processing algorithm, as well as the exact mapping from the sensors to the actuators, depend on the particular couplings that
need to be created, and is exclusively defined by the control program. In this work we develop a program that drives the sound
propagation between the plates to replicate the QVHE.
2.2 Target acoustic metamaterial supporting the QVHE
As was discussed in Sec. 1, the QVHE belongs to a family of effects, originating from quantum physics, that support topolog-
ically protected wave propagation. Here we outline the structural conditions for a classical analogy of this effect to take place.
The most basic structure that is capable to support the QVHE is a uniform honeycomb lattice, as illustrated by the gold circles
in Fig. 1(b), which is turned into a lattice with a certain property alternating between the sites, as captured by the gold and
black circles in Fig. 1(c). This transition involves breaking space inversion symmetry within a two-site unit cell, as outlined
by the black parallelogram. In a quantum system the lattice sites represent vacancies of alternating potential for hopping elec-
trons [61]. The simplest classical mechanical analogy is a lattice of alternating masses connected by springs [59]. In a passive
acoustic metamaterial the system in Fig. 1(c) could be achieved e.g. by attaching Helmholtz resonators [82] (cavities on necks)
of different geometries at sites A and B to the upper plate of the waveguide. This would result in alternating discrete changes
of acoustic impedance Z at these locations, which is the ratio between the sound pressure field p and the flow velocity v at the
resonator entrance [82].
In our system, however, no passive elements are included. Any changes of spatial symmetry will be achieved only via ac-
tive feedback control of the pressure field. We therefore span the upper waveguide plate by identical acoustic transducers in
the uniform honeycomb pattern of Fig. 1(b). These transducers create, using real-time feedback control, discrete changes of
impedance, denoted by ZA and ZB, at sites A and B of each unit cell in Fig. 1(b), imitating Helmholtz resonators at these lo-
cations. The control action thereby converts the uniform pattern of Fig. 1(b) to the target closed-loop metamaterial, which has
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the alternating pattern of Fig. 1(c). We denote the locations of sites A and B by RA and RB, respectively.
In order to design a control algorithm that generates such a partition and in order to calculate the dispersion relation of the
target metamaterial, we first need to develop a theoretical model for it. In Sec. 4.1 we mathematically formulate the coupling
of the pressure p at any continuous position r between the plates to impedance changes at arbitrary discrete locations across
the waveguide upper plate. By this model, each of the unit cells of the target metamaterial is governed by
c2∇2 p(r;s) = s2 p(r;s)+ρc2η
s
ZA(s)
p(RA;s)δ (r−RA)+ρc2η sZB(s) p(RB;s)δ (r−RB), (1)
where c = 340 [m/s] is the speed of sound in air, ρ = 1.21 [kg/m3] is the mass density of air, δ (r−R j) [1/m2], j = A,B,
is the Dirac delta function indicating the location R j within a unit-cell, and η [m] (defined below (8)) indicates the effect
of the distance d between the plates. The complex variable s in Laplace domain is commonly used in control design, and is
related to the frequency domain as s = iω . When control is turned off and the loudspeakers in Fig. 1(a) are assumed ideal,
i.e. their surface is rigid when inactive, the target system comprises fully sealed cavities, retaining the slab waveguide. We
then obtain Z j(s)→ ∞, j = A,B, and (1) retrieves the classical two-dimensional wave equation, which in time domain reads
c2∇2 p(r, t) = ptt(r, t).
Since a Helmholtz resonator affects the acoustic impedance at its vicinity, imitating such a resonator by our control system
implies controlling the acoustic impedance at each loudspeaker location. This can be achieved by measuring the pressure p
with a microphone at that location, processing it through a controller, and generating the required flow velocity v with the
corresponding loudspeaker, as illustrated in Fig. 1(d). Although the generated velocity is perpendicular to the propagation field
in the waveguide, it is similarly coupled to the horizontal velocity field as with passive upper plate resonators.
Since the impedances ZA(s) and ZB(s) are determined within the control program, their particular expressions can be arbitrary,
up to hardware limits and causality. Here we use expressions corresponding to Helmholtz resonators. In a one-dimensional
setting, as depicted in Fig. 1(e), a Helmholtz resonator is a cavity of volume Vol on a neck of length Ln and area An, attached at
location x0 to a tube of cross-section area At . This acoustic resonator is analogous to a mechanical mass-spring resonator (Fig.
1(f)-left) of mass Mh and spring constant Kh, with the impedance relating the force p1 applied to the mass and its resulting
velocity vh. Another analogy, with which the notion of impedance is naturally associated, is an electrical LC circuit (Fig. 1(f)-
right), of inductance Mh and capacitance 1/Kh, with the impedance relating the voltage p1 and the current vh. In the acoustic
resonator the impedance Zh relates the pressure p1 and the flow velocity vh at the resonator entrance, and is given by
Zh(s) =
p1(x0;s)
vh(s)
= Mhs+Dh+
Kh
s
. (2)
Dh represents dissipation, whereas Mh and Kh are the equivalent acoustic mass and spring constant, respectively determined
by the neck and cavity parameters, as Mh = ρLn [kg/m2] and Kh = Anρc2/Vol [N/m3]. Following (2), the impedances of the
target resonators read
ZA(s) = MAs+Dh+
KA
s
, ZB(s) = MBs+Dh+
KB
s
. (3)
Equations (1) and (3) represent the target closed-loop acoustic metamaterial, which we create using the feedback-based design.
A detailed derivation of the model (1) and of the corresponding control scheme is presented in Sec. 4, but before that, in Sec.
3 we calculate the dispersion relation of (8) to establish and analyze its topological properties.
3 Results - the target closed-loop system
In this section we calculate the frequency dispersion of the target closed-loop system, captured by the model in (1) and (3), and
schematically illustrated in Fig. 1(c),(e). We show that the dispersion relation of this system exhibits the properties required for
the topologically protected wave propagation according to the QVHE acoustic analogy.
3.1 Dispersion characteristics of the bulk metamaterial
Since the model in (1) is a hybridization of a continuous acoustic pressure field and discretely spaced impedance changes, the
frequency dispersion with wavevector, ω(k), cannot be calculated directly using a traveling harmonic wave solution ei(k·r−ωt).
We therefore invoke a semi-analytical approach, denoted by the Plane Wave Expansion method [60,83,84], to calculate the
frequency dispersion of the infinite periodic metamaterial of Figs. 1(b,c). The unit cell is depicted in Fig. 2(a)-left, where the
gold circles indicate the locations of the target resonators, given by RA = RA1d1 +RA2d2 and RB = −RA in the real lattice
space. The wavevector k = k1b1 + k2b2 is evaluated in the reciprocal lattice space along a one-dimensional path connecting
the high symmetry points M−Γ−K−M, as illustrated in Fig. 2(a)-right, enclosing the Irreducible Brillouin Zone (the shaded
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(a) (b) (c)
(d) (e) (f)
(g) (h) (i)
Fig. 2. Dispersion relation of an infinite hybrid continuous-discrete target metamaterial. (a) Left - unit cell. Right - the first Brillouin zone.
(b) Dispersion relation of the metamaterial when control is off (the slab waveguide). (c) Dispersion relation and (g) eigenmode at the K point
of the metamaterial when control is turned on and creates a hexagonal pattern of identical impedances. (d) Zoom-in at the low frequency
bands in (c), which are decoupled from the higher bands due to control. (e) Low frequency dispersion and (h) eigenmodes at the K point
with MA = 1.1Mh, MB = 0.9Mh. A gap is opened between the bands. (f) Low frequency dispersion and (i) eigenmodes at the K point with
MA = 0.9Mh, MB = 1.1Mh. The dispersion profile is identical to (e), but the modes are flipped, indicating a topological transition.
area) [85]. The calculation details of frequency evolution with respect to the wavevector as the solutions of an augmented
eigenvalue problem appear in Appendix A.
First, we consider the metamaterial in Fig. 1(a) for the trivial open-loop (uncontrolled) case, which indicates a bare waveguide
without any changes of impedance, obtained for ZA(s) = ZB(s)→ ∞ in (1). This is a fully continuous system with a standard
dispersion of the two-dimensional wave equation, which is indeed retrieved by our calculation, as appears in Fig. 2(b). As
expected for a uniform impedance system, the dispersion curve, folded here into the Irreducible Brillouin Zone, is gapless
(truncated at 10 [kHz] in the figure), i.e. traveling waves are supported at any temporal frequency.
Next we consider a waveguide with identical impedance changes ZA(s) = ZB(s) = Zh(s) in every unit cell of the honeycomb
pattern in Fig. 1(b) with a = 0.05 [m], imitating identical target resonators of impedance Zh(s) (defined in (2)) for Vol =
4.917 · 10−6 [m3], An = 4.524 · 10−6 [m2] and Ln = 10−3 [m]. The distance between plates in the calculation of η in (1), as
defined below (8), was d = 5 ·10−3 [m]. The system is now a continuous-discrete hybridization. Remarkably, introducing the
periodically spanned change of impedance, even when space inversion symmetry within the unit cell is preserved, decouples
the lower frequency bands from the higher bands, as illustrated in Fig. 2(c). This allows for an isolated working regime, which
is encircled in red in Fig. 2(c) and enlarged in Fig. 2(d). The low frequency regime consists of two bands connected at a single
(Dirac) point K, marked by a black dot in the figure. This two-band wave dispersion diagram resembles the dispersion of a
purely discrete bipartite lattice with a single degree of freedom per site, for which the two bands constitute the entire spectrum,
such as in the electronic band-structure of graphene [86]. The corresponding eigenmode at the K point is depicted in Fig.
2(g), indicating the pressure field distribution in the unit cell. Since the target resonators in this case are identical, the pressure
distribution is equal at both resonators locations RA and RB.
Our ultimate goal, however, is target resonators of different impedance ZA(s) 6= ZB(s), implying space inversion symmetry
breaking in the unit cell, which we achieve here by the embedded feedback control operation. For Helmholtz resonators, the
impedance of which is of the form given in (3), the difference can be obtained either by imitating KA 6= KB, or MA 6= MB,
or both. Assuming, for example, MA 6= MB and KA = KB, we set MA = Mh(1+ ε) and MB = Mh(1− ε) and a free design
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parameter ε ∈ (−1,1). We performed the calculation for two values, ε = 0.1 and ε =−0.1. The resulting dispersion relations
are shown in Fig. 2(e) and (f), respectively. In both cases a gap is opened between the two bands at the K point, indicating that
for frequencies within the gap, wave propagation is not supported in the metamaterial bulk.
The appearance of a gap due to space inversion symmetry breaking is a central feature in topological systems, as discussed next.
Since the transition between the gapped states occurs only through a gap closing, together with a nonzero topological invariant
carried by each band (see Appendix B), the systems corresponding to ε > 0 and to ε < 0 are topologically different. Although
the gapped dispersion profile is identical for both values of ε (since for an infinite system flipping the masses is essentially
equivalent to translation), the transition between the two systems is still captured in the dispersion data. Specifically, it is
captured by the eigenmodes corresponding to the two frequencies at the K point, which are labeled by the red and blue dots
in Figs. 2(e) and (f). When the value of ε is flipped, the eigenmodes, which are respectively depicted in Fig. 2(h) and (i), are
flipped as well. Topological wave propagation, which is the goal of our metamaterial design, is obtained on an interface of the
topologically different ε > 0 and ε < 0 systems. To obtain the interface states in the dispersion relation, we consider a periodic
metamaterial with an extended unit cell, which contains the interface, as outlined in Sec. 3.2.
3.2 Dispersion characteristics of a finite-sized metamaterial
As was discussed in Sec. 3.1 and captured by Fig. 2(e) and (f), when the impedance at sites A and B is different, a gap opens
in the frequency dispersion of the infinite periodic system. As a result, harmonic waves of frequencies that lie within the gap
cannot propagate in the bulk, implying that at these frequencies the system behaves as an insulator for acoustic waves. In this
section we investigate the effect of an interface of identical impedance at sites A and B on the frequency dispersion. We consider
a metamaterial that is infinite along the x axis and finite along the y axis, spanned by a periodic pattern of target closed-loop
resonators, as illustrated in Fig. 3(a). This pattern is periodic in the x axis with each vertical strip constituting an extended unit
cell, or a super-cell. The black and white circles respectively indicate impedances ZA(s) and ZB(s), as defined in (3), created
in real-time by the embedded control system. Each super-cell contains an interface of identical impedance, here, for example,
ZA(s), encircled in red in Fig. 3(a).
Calculating the dispersion relation of this system by the Plane Wave Expansion method, as we did for the fully infinite system
in Appendix A, now becomes more involved, as we need to distinguish between spatial derivatives pxx and pyy in (1). Since the
y coordinate is now finite, pyy will not be eliminated, but will yield a polynomial eigenvalue problem, which is also differential.
The common resort in calculating dispersion of semi-infinite systems is the Finite Element method [60]. We take a different
approach by developing an equivalent tractable model of a purely discrete system, the sites of which coincide with the pattern
in Fig. 3(a), thus preserving the insight of the analytical treatment. As detailed in Appendix C, we adjust the parameters of the
equivalent system until we obtain an exceptional fitting of the dispersion relation with the original hybrid continuous-discrete
system in the fully infinite configuration. We therefore regard all calculations performed on the equivalent model as absolute
representatives of the original model. The resulting frequency dispersion for the super-cell of thirty two sites (comprising
sixteen primitive two-site cells) is presented in Fig. 3(b). The bulk states are plotted in black.
We observe that a band gap is formed exactly at the same frequency region as for the fully infinite configuration (Fig. 2(e) and
(f)). In addition, a new state, which is plotted in red, emerges inside the gap. This state corresponds to the interface of identical
impedances. The dispersion plot for a ZA(s) interface case is quite similar to Fig. 3(b), yet not identical, as such system cannot
be converted into the one with a ZB(s) interface by a simple translation. Since the dispersion of the bulk metamaterial is
(a) (b) (c)
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Wavevector
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Fig. 3. Band-structure of an equivalent discrete target metamaterial, infinite-periodic in the x direction and finite in the y direction. (a) Lattice
schematic, comprising ZA (black circles) and ZB (white circles) impedances, with an interface (red). (b) The band-structure, calculated for a
16 two-site cells strip, which includes bulk states (black) and an interface state (red). (c) The corresponding eigenmodes at the K point.
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gapped at the region of the interface state, waves of frequencies at that region can propagate only along the interface. Due to
the topological property of the dispersion relation (evaluated for the infinite configuration in Appendix B), these waves are
expected to be strictly confined to the interface, and to remain localized on it in the presence of sharp turns and corners. This
expectation is validated by the corresponding eigenmode (calculated for ω = 1.38 [kHz]), depicted in Fig. 3(c), which is clearly
localized on the interface. The resulting time domain wave propagation is demonstrated in Sec. 3.3.
3.3 Dynamical simulations of the feedback-based metamaterial demonstrating topologically protected wave propagation
In this section we demonstrate that the feedback-based design of Sec. 2 indeed converts a slab waveguide into an acoustic meta-
material that supports topologically protected wave propagation according to the QVHE. We perform dynamical simulations of
the equivalent discrete system of Sec. 3.2, whose dispersion model was fitted in Appendix C to the original continuous-discrete
metamaterial. The simulated system corresponds to the two-dimensional waveguide in Fig. 1(a). It is finite-sized in both x and
y axes, and contains 8×16 honeycomb cells. To demonstrate the versatility of the underlying control mechanism, we program
the metamaterial to generate topological interfaces of identical adjacent impedance, of two different shapes. The first interface
is created by control program 1, and is Z-shaped, as illustrated in Fig. 4(a). Each circle corresponds to an acoustic transducer
that is driven in a real-time closed loop. The black and white fillings respectively indicate the controllers HA(s) and HB(s)
in (12), which create the closed-loop impedances ZA(s) and ZB(s). We stress that there is no physical interface between the
waveguide plates, and all the actuators are identical. The values used for the simulation are those that were used in Sec. 3.2,
and are given in Sec. 3.1 with the addition of a small damping Dh = 0.01 to the target impedance.
We perform three different simulations, each of them for a different combination of the source input location and frequency.
The time duration of all the simulations is t f = 0.5 [sec]. The first simulation comprises a source at a location indicated by the
(a) Control program 1 (b) f1 = 1.38kHz (blue arrow) (e) Control program 2
(c) f2 = 1.38kHz (red arrow) (d) f3 = 1kHz (green arrow) (f) f4 = 1.38kHz (red arrow)
Fig. 4. Dynamical simulations of the feedback-based acoustic metamaterial. (a) The mounting pattern of the acoustic transducers, which are
all identical and operate in a real-time closed-loop according to control laws HA(s) (black circles) and HB(s) (white circles), respectively
creating ZA(s) and ZB(s) impedances. An artificial Z-shaped interface (red) is defined in the loop by the control action alone. The system is
excited three different times, at locations indicated by the blue, red and green arrows (arrow direction has no meaning). (b) Time response to
excitation in the bulk (blue arrow) at a bulk band-gap frequency f1 = 1.38kHz. (c) Time response to excitation on the interface (red arrow) at
a bulk band-gap frequency f2 = 1.38kHz. (d) Time response to excitation in the bulk (green arrow) at a bulk state frequency f3 = 1kHz. (e)
The same platform as in (a) with control laws HA(s) (black circles) and HB(s) (white circles), creating a straight line artificial interface (red).
(f) Time response to excitation on the interface in (e) (red arrow) at a bulk band-gap frequency f4 = 1.38kHz.
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blue arrow, operated at the frequency f1 = 1.38 [kHz]. The resulting time response is plotted in Fig. 4(b). Since the frequency
falls within the bulk band gap, and the source is located at the bulk far from the interface, no wave propagation takes place. The
second simulation comprises a source of the same frequency f2 = 1.38 [kHz], but is located on the interface, as indicated by the
red arrow. The resulting time response is plotted in Fig. 4(c). Since the interface state in Fig. 3(b) lies within the bulk band gap,
waves propagate along the interface only. Due to topological protection, implied by the topological invariant that is calculated
in Appendix B, the waves are completely immune to back-scattering from the sharp corners of the Z shaped interface, and
remain localized on the interface while smoothly traversing the corners. Reflection from the metamaterial boundaries at the Z
shape ends does take place, though, as these are not accounted in the semi-infinite dispersion in Fig. 3(b). As for the control
effort required for the closed-loop operation, the highest control inputs amplitude of the acoustic actuators was recorded on the
interface and at its primary vicinity, reaching eight times the source amplitude. The control effort can be reduced by reducing
the band gap, which, in turn, will reduce the wave decay length outside the interface.
In the third simulation the source loudspeaker is located at the same position as in the first case, as indicated by the green
arrow, and operates at the frequency f3 = 1 [kHz]. The resulting time response is plotted in Fig. 4(d). Since f3 falls within the
bulk states of the dispersion relation, as shown in Fig. 3(b), waves are propagating everywhere along the metamaterial, and are
reflecting from its boundaries back and forth (which is true regardless of the source location).
The interface shape and orientation are determined exclusively by the control program, and can be rearranged at will. In Fig.
3(e) the same physical platform is programmed to create an artificial interface in a form of a straight line, and denoted by
control program 2. We perform a fourth simulation, in which the system is excited on this new interface (red arrow in (e)) at
frequency f4 = 1.38 [kHz]. The resulting time response is depicted in Fig. 3(f), where a topologically protected sound beam is
guided along the straight line interface.
We therefore demonstrated that the feedback-based metamaterial designed in Sec. 2 indeed supports the acoustic analogy of
the QVHE. All the required conditions, including space inversion symmetry breaking within the bulk unit cells and an interface
between two values with flipped topological characteristics, were created by the control program, and can be reprogrammed
upon the user’s request.
4 Methods
4.1 Theoretical model of the target closed-loop
In this section we derive the target metamaterial model (1). We begin the analysis from the one-dimensional tube-like waveguide
of Fig. 1(e), and then generalize it to the actual two-dimensional waveguide. We consider the effect of a side branch resonator of
neck area An, located at x0, on the sound field in the tube, which was originated e.g. by a source at the left end x = 0. Although
such system is discussed in most acoustic textbooks, the prime focus is usually on the transmission and reflection of sound
through the impedance change introduced by the resonator. Our goal is deriving the governing partial differential equations for
the pressure and velocity fields, accounting explicitly for a resonator that can be mounted at any location along the tube. For
a wavelength large enough compared to the tube cross-section At , the sound propagation may be considered in the x direction
only. It is determined by the continuity of pressure and continuity of normal flow velocity equations (the acoustic analogue of
Kirchhoff voltage and current laws, respectively), which read
p1(x0;s) = p2(x0;s) = p0(x0;s), (4a)
Atv1(x0;s)−Anvh(s) = Atv2(x0;s). (4b)
The downstream velocities v1,v2 and the pressure at the resonator entrance p1, p2, p0 are marked on Fig. 1(e). We now employ
the acoustic constitutive equations [28,39,40,82], which relate the time evolution of the pressure to the velocity at each location
along the tube. In Laplace domain these equations have the form
sp(x;s) =−ρc2vx(x;s), (5a)
px(x;s) =−ρsv(x;s), (5b)
where multiplication by s stems from differentiation with respect to time. By (5b) and (4b) we obtain v1(x0;s) ∝ px(x0;s) and
v2(x0;s) ∝ px(x0 +dx;s), where x0 and x0 +dx represent the locations slightly before and slightly after the resonator opening,
respectively. Combining it with (2), gives
At
1
ρs
[px(x0+dx;s)− px(x0;s)] = Ah 1Zh(s) p(x0;s). (6)
8
Dividing (6) by dx, taking the limit dx→ 0 and using (5a), we obtain
c2 pxx(x;s) = s2 p(x;s)+ρc2η0
s
Zh(s)
p(x0;s)δ (x− x0), (7)
where η0 = An/At is the cross-sections ratio, and δ (x− x0) has the units of one over length. Equation (7) is our theoretical
model for the acoustic pressure field in a one-dimensional waveguide with a side branch resonator. Note that despite the fact
that both pressure and velocity were involved in the derivation leading to (7), this final equation does not have velocity in it.
This is important for our ability to generalize this one-dimensional model also to our two-dimensional waveguide, since in
two dimensions the velocity is a vector, and it is easier to work with the pressure, which is a scalar. Our generalization to a
two-dimensional waveguide with multiple resonators of different impedances Z j(s) at arbitrary locations R j, is thus of the form
c2∇2 p(r;s) = s2 p(r;s)+ρc2η
s
Z j(s)
∑
R j
p(R j;s)δ (r−R j), (8)
where the length scale η = An/d captures the effect of the distance d between the plates, whereas δ (r−R j) obtains the units
of one over length squared. The model in (1) is a particular case of (8).
4.2 Controller design
In this section we derive the core of our feedback-based design approach, which is the underlying real-time control mechanism
of the acoustic metamaterial in Sec. 2. The first step in a control scheme design is determining the available inputs for accessing
the open-loop plant, and the available outputs for measurement. While the common output in acoustics is the pressure field,
measured by microphones, the acoustic input representation is not unique, but depends on the actuator (loudspeaker) model. In
particular, a loudspeaker can be regarded either as a source of flow velocity or of pressure [82,87,88]. In this work we regard
it as a velocity source. Another important aspect in actuator modeling is its self dynamics. Here we proceed with the rigid
actuators assumption of Sec. 4.1.
In an experimental realization, a pre-cancellation of the loudspeaker self dynamics might be required [89]. Following the
derivation in (4)-(6), the Laplace domain model of the uncontrolled (open-loop) metamaterial, which includes velocity source
control inputs v j(s) at arbitrary discrete locations R j, becomes
c2∇2 p(r;s) = s2 p(r;s)+ρc2ηs∑
R j
v j(s)δ (r−R j). (9)
Since the control goal is creating a desired acoustic impedance Z j(s) at the corresponding location R j, we set the control law
at R j to a collocated pressure feedback
v j(s) =−H j(s)p(R j;s), (10)
The measured pressure is processed through the controller
H j(s) =
1
Z j(s)
. (11)
The control algorithm in (10)-(11) realizes the target metamaterial in (8) in real-time. The resulting closed-loop system is stable
as long as the target resonators include damping. The advantage of this control scheme is that it can generate a metamaterial with
any desired couplings (within the hardware limits) between the sites, including non-collocated interactions. The collocation of
the feedback in (10) was only due to the type of coupling required for the QVHE, as was discussed in Sec. 4.1. For the particular
target resonators at sites A and B in (1), the impedance of which is given in (3), the controller in (11) takes the leading phase
forms
HA(s) =
s
MAs2+Dhs+KA
, HB(s) =
s
MBs2+Dhs+KB
. (12)
5 Conclusion
We presented a method to design acoustic metamaterials supporting propagation of sound beams of arbitrary reconfigurable
shapes, in two-dimensional free space. The underlying platform is a slab waveguide with an embedded feedback control mecha-
nism, which enables shaping the sound pressure field between the plates in real-time, in a way that mimics quantum topological
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wave phenomena. Specifically, the model includes identical acoustic actuators mounted in a periodic pattern in one of the plates,
and operated according to measurements from a mirror pattern of acoustic sensors, which are processed through autonomous
electronic controllers. As an example, we programmed the metamaterial to mimic the QVHE, using a theoretical model that
we developed for the target closed-loop system. The required spatial symmetry breaking was created by a collocated pressure
feedback at each lattice site, augmenting the continuous pressure field by a discrete pattern of alternating acoustic impedances.
We then demonstrated that the closed-loop system obtained a topological dispersion profile corresponding to the QVHE.
We used numerical simulations to demonstrate the associated topological wave propagation. For a source of frequency in the
bulk bandgap, located near the interface, robust, back-scattering-immune sound waves propagated between the plates, perfectly
aligned with the interface. This is although no physical interface was present, and the space between the plates remained com-
pletely free. By reprogramming the embedded controllers, we realized trajectories of two different shapes.
Since the particular couplings and the consequent dynamical properties are exclusively defined by the algorithm that is pro-
grammed into the controller, the feedback-based metamaterial is able to sustain any couplings and any dynamical properties
(within hardware limits), including couplings that are unachievable with available devices. Once a new functionality or a
new dynamical regime is required, one does not need to fabricate a new structure, but the metamaterial functionality can be
switched upon the users request by means of changing the controller program. Consequently, versatile unconventional acoustic
waveguiding can be realized on the same physical platform.
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A Infinite system dispersion calculation using the Plane Wave Expansion method
Here we present a detailed frequency dispersion calculation of the system in (1), which models the acoustic metamaterial in
Fig. 1(b),(c), when operated in closed-loop. For the sake of the calculation according to Bloch theory of periodic systems [90],
in this section the metamaterial is assumed of infinite extension. The calculation can be therefore folded into a single unit cell.
Following the unit cell geometry in Fig. 2(b)-left, one obtains b = a/
√
3 (where a is the lattice constant and b is the distance
between the A and B sites), as well as RA1 = RA2 = bsin30o/sin120o/2, leading to RA1 = RA2 = a/6. Since this system is
a hybridization of the continuous pressure field p(r;s) and the discretely located transducers, we can calculate its dispersion
relation using, for example, the Plane Wave Expansion method [60,83,84]. This method assumes a series solution of traveling
harmonic waves, p(r, t) = eiωtP(r), where
P(r) =
M
∑
m,n=−M
pGe−i(k+G)·r. (A.1)
Here r= r1d1+r2d2 is the position vector in the real lattice space, and k= k1b1+k2b2 is the base wavevector in the reciprocal
lattice space, defined by
d1 = (a,0), d2 =
(
a/2,
√
3a/2
)
, b1 = 2pi/a
(
1,−1/
√
3
)
, b2 = 2pi/a
(
0,2/
√
3
)
. (A.2)
G = mb1 +nb2 is its expansion, where m and n are integer indices, which span across −M : M, and M is the series truncation
order. Since G covers a two-dimensional grid, the total number of its entries is N2, where N = 2M+1. Since p(r;s) transforms
to frequency domain when s = iω , we substitute (A.1) in (1), which reads
c2
ω2
M
∑
n,m=−M
|k+G|2e−i(k+G)·r pG =−
M
∑
n,m=−M
{
e−i(k+G)·r+ρc2η ∑
j=A,B
e−i(k+G)·R j
Z˜ j(ω)
δ (r−R j)
}
pG, (A.3)
where Z˜A,B(ω) = iωZA,B(iω) =−MA,Bω2+KA,B (for the sake of the calculation we set Dh→ 0). Multiplying (A.3) by ei(k+Ĝ)·r,
where Ĝ = m̂b1+ n̂b2 for some specific values m̂ and n̂, we obtain
c2
ω2
M
∑
n,m=−M
|k+G|2e−i(G−Ĝ)·r pG =−
M
∑
n,m=−M
{
e−i(G−Ĝ)·r+ρc2ηei(k+Ĝ)·r ∑
j=A,B
e−i(k+G)·R j
Z˜ j(ω)
δ (r−R j)
}
pG. (A.4)
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Due to the orthogonality property of the Fourier series, we have
∫∫
Ac
e−i(G−Ĝ)·rdAc =
{
Ac, G = Ĝ
0, G 6= Ĝ ,
∫∫
Ac
f (r)δ (r−Rα)dAc = f (Rα), (A.5)
where Ac = a2/
√
3 is the unit cell area (Fig. 1(b)), and a is the lattice constant. Integrating (A.4) over a unit cell then gives
c2
ω2
|k+ Ĝ|2Ac pĜ =−Ac pĜ−ρc2η
M
∑
m,n=−M
∑
j=A,B
e−i(G+Ĝ)·R j
Z˜ j(ω)
pG. (A.6)
Using matrix formulation, we define ∑Mm,n=−M e−i(G+Ĝ)·R j pG = E j pĜ, where
E j = e
i
[
G1 G2 · · · GN2
]T
·R j · eiR j ·
[
G1 G2 · · · GN2
]
. (A.7)
Following the target resonators coordinates that are given in (A.2), we obtain G ·RA = 2pia(m+n)/6, and G ·RB =−2pia(m+
n)/6. Substituting (A.7) into (A.6) and using the explicit form of Z˜ j(ω), (A.6) takes the form
[MAMBω4− (MAKB+MBKA)ω2+KAKB]
(
c2|k+ Ĝ|2Ac−ω2
)
pĜ =−ρc2ηω2
[
(MBω2+KB)EA+(MAω2+KA)EB
]
pĜ,
(A.8)
where E j is defined in (A.7). Rearranging (A.8) results in the following polynomial eigenvalue problem,(
A3λ 3+A2λ 2+A1λ +A0
)
pĜ = 0 , λ = ω
2, (A.9)
where
A3 = MAMBA, A2 = MAMBc2B− (MAKB+MBKA)A−ρc2ηCM,
A1 =−(MAKB+MBKA)c2B+KAKBA+ρc2ηCK , A0 = KAKBc2B,
(A.10)
and
A = AcIN2 , B =−Ac

|k+ Ĝ1|2
|k+ Ĝ2|2
· · ·
|k+ ĜN2 |2
 , CM = MAEA+MBEB, CK = KAEA+KBEB. (A.11)
We then rewrite (A.9)-(A.11) in a companion form to obtain an augmented linear eigenvalue problem
λPv = Qv, (A.12)
where
P =

I 0 0
0 I 0
0 0 A3
 , Q =

0 I 0
0 0 I
−A0 −A1 A2
 , (A.13)
and v is the augmented eigenvector of length 3N2. The dispersion relations of the infinite closed-loop system that are shown in
Fig. 2 are the first two solutions of (A.12)-(A.13) for N = 4.
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B The topological invariant calculation
The topological character of systems supporting the QVHE (and its classical analogies) manifests itself through the valley
Chern number [61], evaluated for the gapped bands of the infinite system dispersion profile. In our system the relevant bands
are the two low frequency range solutions of the augmented eigenvalue problem in (A.12)-(A.13) for ε 6= 0, depicted in Fig.
2(e),(f). For each band, a Chern number is given by the formula [61]
C =
1
2pi
∫
BZ
Ωv (k)dk2, Ωv (k) = ∇k× (−iv(k)†∇kv(k)), (B.1)
where Ωv (k) is the Berry curvature [61], v(k) is the corresponding eigenstate and integration is performed over the entire
Brillouin zone. As a consequence of time reversal symmetry, the Chern number in our system is zero, but a different topological
index, the valley Chern number, results in a finite quantized value. The valley Chern number is defined as CV =CK−CK′ , where
CK and CK′ are computed by integrating the Berry curvature over the infinite wavevector space of the linearized low frequency
model around the high symmetry points K and K′, as illustrated in Fig. B.1(a).
Employing the numerically optimized algorithm [91], we obtain a Berry curvature comprised of alternating vortexes at the K
and K′ points, as illustrated in Fig. B.1(a). We integrate the Berry curvature over a small region of radius Rk around K or K′,
and find that the result (divided by 2pi) converges to ±1/2 as the band-gap between the two lowest bands, ∆(ε), gets smaller,
and as Rk gets larger. ∆(ε) increases with |ε|, and their exact functional dependence can be found by linearizing the eigenvalue
problem in (A.12)-(A.13) around K or K′, where the gap size is controlled by ε , and deriving an effective low frequency model,
where ∆ directly describes the gap. Here we look at a limit of a small ε , where we can assume ∆(ε) ∝ ε , and in Fig. B.1(b) we
plot the Berry phase around K as a function of ε , finding a linear dependence consistent with
1
2pi
∫
RK
Ωv (k)dk2 =±12
(
1−α ∆(ε)
Rk
)
. (B.2)
The pre-factor α results from the linearization and accounts for units, as ∆(ε) is an effective gap term in units of frequency, Rk
is in units of 1/a, and the Berry phase is unit-less. While equation (B.2) was numerically deduced from the model, where Rk
can be increased up to a finite limit for the integration to encompass solely a single Dirac point, it also describes the linearized
low energy model around the K and K′ points. For the linearized models, the limit RK → ∞ leads to, as prescribed by equation
(B.1), CK ,CK′ →±1/2, resulting in a non-vanishing valley Chern number and an associated topologically non-trivial phase,
analogous to the QVHE. We note that when ε flips sign, the values of CK and CK′ flip sign as well, corresponding to the
topological phase transition discussed in Sec. 3.1.
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Fig. B.1. (a) Contour plot of the Berry curvature in the first Brillouin zone, for ε = 0.1. The non-zero curvature values are centered around
the K and K′ high symmetry points of Fig. 2(a)-right. (b) The Chern number |CK | is linearly approaching 1/2 with ε → 0, as expected from
equation (B.2).
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(a) (b)
Fig. C.1. Equivalent discrete model of the hybrid continuous-discrete system in (1). (a) Schematic of a waveguide unit cell with air flow re-
duced to direct paths between transducers. (b) Fitting of the infinite-periodic systems dispersion relations (black - original, blue - equivalent).
C Equivalent discrete model derivation
In this section we derive the equivalent discrete model of the hybrid continuous-discrete target system in (1), in order to
calculate the dispersion relation of the open system in Sec. 3.2. The only part of (1) to be discretized is the continuous two-
dimensional wave equation on the left hand side. We thus completely preserve the coupling of the target resonators on the right
hand side. We perform the discretization in two stages. First, we limit the sound pressure wave propagation to direct routes
between the target resonators locations, through, for example, artificial one-dimensional tubes, as illustrated in Fig. C.1(a).
Here a is the same lattice constant as in the continuous case, and b is the artificial tube length. As a result, we obtain a periodic
hexagonal net with two sites per unit cell, labeled by A and B, as captured within the black parallelogram. The second stage
is approximating the continuous pressure field in those artificial tubes by equivalent lumped acoustic springs. The governing
target closed-loop equations of the {m,n} unit cell for each of these sites, then respectively take the form
B0
(
pBm,n+1+ p
B
m,n+ p
B
m+1,n−3pAm,n
)
= M0s2 pAm,n+M0B0η̂
s
ZA(s)
pAm,n, (C.1a)
B0
(
pAm,n−1+ p
A
m,n+ p
A
m−1,n−3pBm,n
)
= M0s2 pBm,n+M0B0η̂
s
ZB(s)
pBm,n, (C.1b)
where B0 = ρc2/b [kg/s2/m2] and M0 = ρb [kg/m2] are the equivalent acoustic spring and mass of each artificial tube, respec-
tively. The design parameter is given by η̂ = An/At̂ , and is dimensionless, as expected for a one-dimensional waveguide, where
An is the target resonator opening area (as before) and At̂ is the cross-section area of the artificial tube.
In order to fit the approximated model in (C.1) to the exact one in (8), we first calculate the dispersion relation of an infinite-
sized approximated system. Transforming (C.1) back into time domain, we obtain two fourth-order ordinary differential equa-
tions in time. Substituting then the traveling harmonic wave solution p = p0ei(k1ma+k2na−ωt), we obtain, similarly to Appendix
A, a polynomial eigenvalue problem, but this time it is quadratic. Finally, we arrive with the equivalent values for the target
resonators parameter Voleq = 1.15Vol, and the artificial tubes cross-section area At̂ = 7
2An. Keeping Ln eq = Ln, An eq = An and
aeq = a, we obtain an exceptional fitting to the exact system dispersion relation, as illustrated in Fig. C.1(b). Regarding then
the system in (C.1) as completely equivalent, we employ it to calculate the dispersion (band-structure) of a semi-infinite lattice
in Sec. 3.2, and for time domain simulations in Sec. 3.3.
References
[1] J. D. Joannopoulos, P. R. Villeneuve, and S. Fan, “Photonic crystals,” Solid State Communications, vol. 102, no. 2-3, pp. 165–173, 1997.
[2] R. A. Shelby, D. R. Smith, and S. Schultz, “Experimental verification of a negative index of refraction,” Science, vol. 292, no. 5514, pp. 77–79, 2001.
[3] J. Pendry, “A chiral route to negative refraction,” Science, vol. 306, no. 5700, pp. 1353–1355, 2004.
[4] E. Cubukcu, K. Aydin, E. Ozbay, S. Foteinopoulou, and C. M. Soukoulis, “Negative refraction by photonic crystals,” Nature, vol. 423, no. 6940, pp.
604–605, 2003.
[5] C. Luo, S. G. Johnson, J. Joannopoulos, and J. Pendry, “All-angle negative refraction without negative effective index,” Physical Review B, vol. 65, no. 20,
p. 201104, 2002.
[6] R. Marque´s, F. Martin, and M. Sorolla, Metamaterials with negative parameters: theory, design, and microwave applications. John Wiley & Sons, 2011,
vol. 183.
[7] J. B. Pendry, “Negative refraction makes a perfect lens,” Physical Review Letters, vol. 85, no. 18, p. 3966, 2000.
13
[8] D. Schurig, J. J. Mock, B. Justice, S. A. Cummer, J. B. Pendry, A. F. Starr, and D. R. Smith, “Metamaterial electromagnetic cloak at microwave
frequencies,” Science, vol. 314, no. 5801, pp. 977–980, 2006.
[9] T. Ergin, N. Stenger, P. Brenner, J. B. Pendry, and M. Wegener, “Three-dimensional invisibility cloak at optical wavelengths,” Science, vol. 328, no. 5976,
pp. 337–339, 2010.
[10] W. Cai, U. K. Chettiar, A. V. Kildishev, and V. M. Shalaev, “Optical cloaking with metamaterials,” Nature Photonics, vol. 1, no. 4, p. 224, 2007.
[11] J. Valentine, J. Li, T. Zentgraf, G. Bartal, and X. Zhang, “An optical cloak made of dielectrics,” Nature Materials, vol. 8, no. 7, pp. 568–571, 2009.
[12] A. Lai, T. Itoh, and C. Caloz, “Composite right/left-handed transmission line metamaterials,” IEEE Microwave Magazine, vol. 5, no. 3, pp. 34–50, 2004.
[13] C. Caloz, T. Itoh, and A. Rennings, “CRLH metamaterial leaky-wave and resonant antennas,” IEEE Antennas and Propagation Magazine, vol. 50, no. 5,
pp. 25–39, 2008.
[14] N. Engheta and R. W. Ziolkowski, Metamaterials: physics and engineering explorations. John Wiley & Sons, 2006.
[15] C. M. Soukoulis and M. Wegener, “Past achievements and future challenges in the development of three-dimensional photonic metamaterials,” Nature
Photonics, vol. 5, no. 9, p. 523, 2011.
[16] A. Khelif and A. Adibi, Phononic Crystals. Springer, 2016.
[17] R. V. Craster and S. Guenneau, Acoustic metamaterials: Negative refraction, imaging, lensing and cloaking. Springer Science & Business Media, 2012,
vol. 166.
[18] M. I. Hussein, M. J. Leamy, and M. Ruzzene, “Dynamics of phononic materials and structures: Historical origins, recent progress, and future outlook,”
Applied Mechanics Reviews, vol. 66, no. 4, 2014.
[19] Z. Liu, X. Zhang, Y. Mao, Y. Zhu, Z. Yang, C. T. Chan, and P. Sheng, “Locally resonant sonic materials,” Science, vol. 289, no. 5485, pp. 1734–1736,
2000.
[20] N. I. Zheludev and Y. S. Kivshar, “From metamaterials to metadevices,” Nature Materials, vol. 11, no. 11, pp. 917–924, 2012.
[21] S. A. Cummer and D. Schurig, “One path to acoustic cloaking,” New Journal of Physics, vol. 9, no. 3, p. 45, 2007.
[22] H. Chen and C. Chan, “Acoustic cloaking in three dimensions using acoustic metamaterials,” Applied Physics Letters, vol. 91, no. 18, p. 183518, 2007.
[23] A. N. Norris, “Acoustic cloaking theory,” Proceedings of the Royal Society A: Mathematical, Physical and Engineering Sciences, vol. 464, no. 2097, pp.
2411–2434, 2008.
[24] N. Fang, D. Xi, J. Xu, M. Ambati, W. Srituravanich, C. Sun, and X. Zhang, “Ultrasonic metamaterials with negative modulus,” Nature Materials, vol. 5,
no. 6, p. 452, 2006.
[25] C. J. Naify, C. N. Layman, T. P. Martin, M. Nicholas, D. C. Calvo, and G. J. Orris, “Experimental realization of a variable index transmission line
metamaterial as an acoustic leaky-wave antenna,” Applied Physics Letters, vol. 102, no. 20, p. 203508, 2013.
[26] S. H. Lee, C. M. Park, Y. M. Seo, Z. G. Wang, and C. K. Kim, “Acoustic metamaterial with negative modulus,” Journal of Physics: Condensed Matter,
vol. 21, no. 17, p. 175704, 2009.
[27] ——, “Acoustic metamaterial with negative density,” Physics Letters A, vol. 373, no. 48, pp. 4464–4469, 2009.
[28] Y. M. Seo, J. J. Park, S. H. Lee, C. M. Park, C. K. Kim, and S. H. Lee, “Acoustic metamaterial exhibiting four different sign combinations of density and
modulus,” Journal of Applied Physics, vol. 111, no. 2, p. 023504, 2012.
[29] C. A. Rohde, T. P. Martin, M. D. Guild, C. N. Layman, C. J. Naify, M. Nicholas, A. L. Thangawng, D. C. Calvo, and G. J. Orris, “Experimental
demonstration of underwater acoustic scattering cancellation,” Scientific Reports, vol. 5, p. srep13175, 2015.
[30] M. Dubois, C. Shi, X. Zhu, Y. Wang, and X. Zhang, “Observation of acoustic dirac-like cone and double zero refractive index,” Nature Communications,
vol. 8, p. 14871, 2017.
[31] J. Zhu, J. Christensen, J. Jung, L. Martin-Moreno, X. Yin, L. Fok, X. Zhang, and F. Garcia-Vidal, “A holey-structured metamaterial for acoustic deep-
subwavelength imaging,” Nature Physics, vol. 7, no. 1, pp. 52–55, 2011.
[32] Y. Xie, W. Wang, H. Chen, A. Konneker, B.-I. Popa, and S. A. Cummer, “Wavefront modulation and subwavelength diffractive acoustics with an acoustic
metasurface,” Nature Communications, vol. 5, no. 1, pp. 1–5, 2014.
[33] S. A. Cummer, J. Christensen, and A. Alu`, “Controlling sound with acoustic metamaterials,” Nature Reviews Materials, vol. 1, no. 3, p. 16001, 2016.
[34] H. Huang and C. Sun, “Wave attenuation mechanism in an acoustic metamaterial with negative effective mass density,” New Journal of Physics, vol. 11,
no. 1, p. 013003, 2009.
[35] X.-N. Liu, G.-K. Hu, G.-L. Huang, and C.-T. Sun, “An elastic metamaterial with simultaneously negative mass density and bulk modulus,” Applied
Physics Letters, vol. 98, no. 25, p. 251907, 2011.
[36] P. F. Pai, “Metamaterial-based broadband elastic wave absorber,” Journal of Intelligent Material Systems and Structures, vol. 21, no. 5, pp. 517–528,
2010.
[37] H. Zhu and F. Semperlotti, “Double-zero-index structural phononic waveguides,” Physical Review Applied, vol. 8, no. 6, p. 064031, 2017.
[38] F. Semperlotti and H. Zhu, “Achieving selective interrogation and sub-wavelength resolution in thin plates with embedded metamaterial acoustic lenses,”
Journal of Applied Physics, vol. 116, no. 5, p. 054906, 2014. [Online]. Available: https://doi.org/10.1063/1.4892017
[39] L. Sirota, F. Semperlotti, and A. M. Annaswamy, “Tunable and reconfigurable mechanical transmission-line metamaterials via direct active feedback
control,” Mechanical Systems and Signal Processing, vol. 123, pp. 117–130, 2019.
[40] L. Sirota and A. M. Annaswamy, “Active boundary and interior absorbers for one-dimensional wave propagation: Application to transmission-line
metamaterials,” Automatica, vol. 117, pp. 108–855, 2020.
[41] D. J. Thouless, M. Kohmoto, M. P. Nightingale, and M. den Nijs, “Quantized Hall conductance in a two-dimensional periodic potential,” Physical Review
Letters, vol. 49, no. 6, p. 405, 1982.
14
[42] F. D. M. Haldane, “Model for a quantum Hall effect without Landau levels: Condensed-matter realization of the “parity anomaly”,” Physical Review
Letters, vol. 61, no. 18, p. 2015, 1988.
[43] C. L. Kane and E. J. Mele, “Quantum spin Hall effect in graphene,” Physical Review Letters, vol. 95, no. 22, p. 226801, 2005.
[44] B. A. Bernevig, T. L. Hughes, and S.-C. Zhang, “Quantum spin Hall effect and topological phase transition in hgte quantum wells,” Science, vol. 314, no.
5806, pp. 1757–1761, 2006.
[45] M. Z. Hasan and C. L. Kane, “Colloquium: topological insulators,” Reviews of Modern Physics, vol. 82, no. 4, p. 3045, 2010.
[46] R. Su¨sstrunk and S. D. Huber, “Classification of topological phonons in linear mechanical metamaterials,” Proceedings of the National Academy of
Sciences, vol. 113, no. 33, pp. E4767–E4775, 2016.
[47] L. Lu, J. D. Joannopoulos, and M. Soljacˇic´, “Topological photonics,” Nature Photonics, vol. 8, no. 11, p. 821, 2014.
[48] M. C. Rechtsman, J. M. Zeuner, Y. Plotnik, Y. Lumer, D. Podolsky, F. Dreisow, S. Nolte, M. Segev, and A. Szameit, “Photonic floquet topological
insulators,” Nature, vol. 496, no. 7444, p. 196, 2013.
[49] W.-J. Chen, S.-J. Jiang, X.-D. Chen, B. Zhu, L. Zhou, J.-W. Dong, and C. T. Chan, “Experimental realization of photonic topological insulator in a
uniaxial metacrystal waveguide,” Nature Communications, vol. 5, p. 5782, 2014.
[50] S. H. Mousavi, A. B. Khanikaev, and Z. Wang, “Topologically protected elastic waves in phononic metamaterials,” Nature Communications, vol. 6, p.
8682, 2015.
[51] V. Peano, C. Brendel, M. Schmidt, and F. Marquardt, “Topological phases of sound and light,” Physical Review X, vol. 5, no. 3, p. 031011, 2015.
[52] V. Peano, M. Houde, C. Brendel, F. Marquardt, and A. A. Clerk, “Topological phase transitions and chiral inelastic transport induced by the squeezing of
light,” Nature Communications, vol. 7, no. 1, pp. 1–8, 2016.
[53] Z. Yang, F. Gao, X. Shi, X. Lin, Z. Gao, Y. Chong, and B. Zhang, “Topological acoustics,” Physical Review Letters, vol. 114, no. 11, p. 114301, 2015.
[54] C. He, X. Ni, H. Ge, X.-C. Sun, Y.-B. Chen, M.-H. Lu, X.-P. Liu, and Y.-F. Chen, “Acoustic topological insulator and robust one-way sound transport,”
Nature Physics, vol. 12, no. 12, p. 1124, 2016.
[55] Z. Zhang, Q. Wei, Y. Cheng, T. Zhang, D. Wu, and X. Liu, “Topological creation of acoustic pseudospin multipoles in a flow-free symmetry-broken
metamaterial lattice,” Physical Review Letters, vol. 118, no. 8, p. 084303, 2017.
[56] S. Yves, R. Fleury, F. Lemoult, M. Fink, and G. Lerosey, “Topological acoustic polaritons: robust sound manipulation at the subwavelength scale,” New
Journal of Physics, vol. 19, no. 7, p. 075003, 2017.
[57] B. G.-g. Chen, B. Liu, A. A. Evans, J. Paulose, I. Cohen, V. Vitelli, and C. Santangelo, “Topological mechanics of origami and kirigami,” Physical Review
Letters, vol. 116, no. 13, p. 135501, 2016.
[58] D. M. Sussman, O. Stenull, and T. Lubensky, “Topological boundary modes in jammed matter,” Soft Matter, vol. 12, no. 28, pp. 6079–6087, 2016.
[59] R. K. Pal and M. Ruzzene, “Edge waves in plates with resonators: an elastic analogue of the Quantum Valley Hall Effect,” New Journal of Physics,
vol. 19, no. 2, p. 025001, 2017.
[60] R. Chaunsali, C.-W. Chen, and J. Yang, “Subwavelength and directional control of flexural waves in zone-folding induced topological plates,” Physical
Review B, vol. 97, no. 5, p. 054307, 2018.
[61] M. Franz and L. Molenkamp, Topological Insulators. Elsevier, 2013.
[62] K. Von Klitzing, “The quantized Hall effect,” Reviews of Modern Physics, vol. 58, no. 3, p. 519, 1986.
[63] A. B. Khanikaev, R. Fleury, S. H. Mousavi, and A. Alu, “Topologically robust sound propagation in an angular-momentum-biased graphene-like resonator
lattice,” Nature Communications, vol. 6, p. 8260, 2015.
[64] P. Wang, L. Lu, and K. Bertoldi, “Topological phononic crystals with one-way elastic edge waves,” Physical Review Letters, vol. 115, no. 10, p. 104302,
2015.
[65] L. M. Nash, D. Kleckner, A. Read, V. Vitelli, A. M. Turner, and W. T. Irvine, “Topological mechanics of gyroscopic metamaterials,” Proceedings of the
National Academy of Sciences, vol. 112, no. 47, pp. 14 495–14 500, 2015.
[66] H. Pan, Z. Li, C.-C. Liu, G. Zhu, Z. Qiao, and Y. Yao, “Valley-polarized quantum anomalous Hall effect in silicene,” Physical Review Letters, vol. 112,
no. 10, p. 106802, 2014.
[67] Y. Zhou, P. R. Bandaru, and D. F. Sievenpiper, “Quantum-spin-Hall topological insulator in a spring-mass system,” New Journal of Physics, vol. 20,
no. 12, p. 123011, 2018.
[68] R. Su¨sstrunk and S. D. Huber, “Observation of phononic helical edge states in a mechanical topological insulator,” Science, vol. 349, no. 6243, pp. 47–50,
2015.
[69] Z. Zhang, Y. Cheng, and X. Liu, “Achieving acoustic topological valley-Hall states by modulating the subwavelength honeycomb lattice,” Scientific
Reports, vol. 8, no. 1, pp. 1–8, 2018.
[70] W. Zhou, Y. Su, W. Chen, C. Lim et al., “Voltage-controlled quantum valley Hall effect in dielectric membrane-type acoustic metamaterials,” International
Journal of Mechanical Sciences, vol. 172, p. 105368, 2020.
[71] E. Rivet, A. Brandsto¨tter, K. G. Makris, H. Lissek, S. Rotter, and R. Fleury, “Constant-pressure sound waves in non-Hermitian disordered media,” Nature
Physics, vol. 14, no. 9, pp. 942–947, 2018.
[72] A. Darabi, M. Collet, and M. J. Leamy, “Experimental realization of a reconfigurable electroacoustic topological insulator,” arXiv preprint
arXiv:1911.09608, 2019.
[73] T. Hofmann, T. Helbig, C. H. Lee, M. Greiter, and R. Thomale, “Chiral voltage propagation and calibration in a topolectrical Chern circuit,” Physical
Review Letters, vol. 122, no. 24, p. 247702, 2019.
[74] T. Hofmann, T. Helbig, F. Schindler, N. Salgo, M. Brzezin´ska, M. Greiter, T. Kiessling, D. Wolf, A. Vollhardt, A. Kabasˇi et al., “Reciprocal skin effect
and its realization in a topolectrical circuit,” arXiv preprint arXiv:1908.02759, 2019.
15
[75] C. H. Lee and R. Thomale, “Anatomy of skin modes and topology in non-Hermitian systems,” Physical Review B, vol. 99, no. 20, p. 201103, 2019.
[76] C. Scheibner, W. Irvine, and V. Vitelli, “Non-Hermitian band topology in active and dissipative mechanical metamaterials,” arXiv preprint
arXiv:2001.04969, 2020.
[77] M. I. Rosa and M. Ruzzene, “Dynamics and topology of non-Hermitian elastic lattices with non-local feedback control interactions,” arXiv preprint
arXiv:2001.01817, 2020.
[78] M. Brandenbourger, X. Locsin, E. Lerner, and C. Coulais, “Non-reciprocal robotic metamaterials,” Nature Communications, vol. 10, no. 1, pp. 1–8, 2019.
[79] T. Kotwal, H. Ronellenfitsch, F. Moseley, and J. Dunkel, “Active topolectrical circuits,” arXiv preprint arXiv:1903.10130, 2019.
[80] T. Helbig, T. Hofmann, S. Imhof, M. Abdelghany, T. Kiessling, L. W. Molenkamp, C. H. Lee, A. Szameit, M. Greiter, and R. Thomale, “Observation of
bulk boundary correspondence breakdown in topolectrical circuits,” arXiv preprint arXiv:1907.11562, 2019.
[81] L. Sirota, R. Ilan, Y. Shokef, and Y. Lahini, “Feedback-based Mechanical Haldane Model,” arXiv preprint arXiv:2002.10607, 2020.
[82] A. D. Pierce and R. T. Beyer, “Acoustics: An introduction to its physical principles and applications. 1989 edition,” 1990.
[83] Y. Xiao, J. Wen, and X. Wen, “Flexural wave band gaps in locally resonant thin plates with periodically attached spring–mass resonators,” Journal of
Physics D: Applied Physics, vol. 45, no. 19, p. 195401, 2012.
[84] X.-P. Wang, P. Jiang, T.-N. Chen, and J. Zhu, “Tuning characteristic of band gap and waveguide in a multi-stub locally resonant phononic crystal plate,”
AIP Advances, vol. 5, no. 10, p. 107141, 2015.
[85] L. Brillouin, “Wave propagation in periodic structures: electric filters and crystal lattices,” 1953.
[86] S. Reich, J. Maultzsch, C. Thomsen, and P. Ordejon, “Tight-binding description of graphene,” Physical Review B, vol. 66, no. 3, p. 035412, 2002.
[87] J. H. Ginsberg, Acoustics: A Textbook for Engineers and Physicists. Springer, 2018, vol. 2.
[88] R. Curtain and K. Morris, “Transfer functions of distributed parameter systems: A tutorial,” Automatica, vol. 45, no. 5, pp. 1101–1116, 2009.
[89] T. S. Becker, D.-J. van Manen, C. M. Donahue, C. Ba¨rlocher, N. Bo¨rsing, F. Broggini, T. Haag, J. O. Robertsson, D. R. Schmidt, S. A. Greenhalgh
et al., “Immersive wave propagation experimentation: Physical implementation and one-dimensional acoustic results,” Physical Review X, vol. 8, no. 3,
p. 031011, 2018.
[90] C. H. Wilcox, “Theory of bloch waves.” Utah Univ Salt Lake City Dept of Mathematics, Tech. Rep., 1977.
[91] T. Fukui, Y. Hatsugai, and H. Suzuki, “Chern numbers in discretized brillouin zone: Efficient method of computing (spin) hall conductances,” Journal of
the Physical Society of Japan, vol. 74, no. 6, pp. 1674–1677, 2005.
16
